In this work is introduced the harmonic oscillator process that in probability is known as Ornstein-Uhlenbeck process or velocities process of Ornstein-Uhlenbeck and is established that the mathematical expectation of certain functionals of this process coincides with the expected value of certain observables in the fundamental state or basis state to the oscillator and with it is found a relation between the spaces of classical and quantum probability. Furthermore is established a certain algebra of operators that gives rise to the dynamics of quantum harmonic oscillator and to consider certain class of perturbations of the Hamiltonian corresponding to their harmonic oscillator is obtained a version of the Feynman-Kac formula with a dilatation generated by the unitary group of translations for a co-cycle. Finally are given some generalizations of the Feynman-Kac formula.
Introduction
In this paper we consider the stochastic process of the quantum harmonic oscillator and from it we obtain an algebra of operators that give us a connection between classical probability and quantum probability to finally establish a version of the Feynman-Kac formula. Also, we can establish that certain operators Q t in the space B(L 2 (R)) are a organized infinite composition of transformations whose generators are −H 1 , −H 2 , . . . − H n , and prove that said operator is a multivariable generalization of a Ornstein-Uhlenbeck process in the space B(L 2 (R)). This has important implications in the field theory on microscopic space-time, since we can characterize this as a space of state transformation where the operator Q t , is that multivariable generalization of the Ornstein-Uhlenbeck required process to the algebra B(L 2 (R), η). Then the involutions of the unitary operators that are defined in the OrnsteinUhlenbeck to determine the operators Q t , shape a pair of quantum integral transforms relating their velocities of evolution given in the corresponding Ornstein-Uhlenbeck process, which appears as an application to a quantum transformation of singularities in field theory [3] . One of the important guidelines of research that is established with the obtained generalizations and to future works, will be to prove that the Kac-Feynman formula can be generalized in the context of the Dg-category representations with duality, and calculate their cohomology groups extending the Feynman-Kac formula to the infinite dimension modules that can be integrated and whose operators belong to an algebra U(g)/B(L 2 (R), η), where U(g) is an universal enveloping algebra of a Lie algebra g. Likewise the structure of the algebra for one co-cycle can be extended to Lie algebra g, whose root system predetermines energy states of a quantum algebra.
The Stochastic Process of the Quantum Harmonic Oscillator
Consider the Hamiltonian H 0 of the quantum harmonic oscillator in L 2 (R) which is the self-adjoint closure of the symmetric operator induced by
As we can see H 0 is a translation of the Hamiltonian H, H is the usual Hamiltonian of the quantum harmonic oscillator, namely, H 0 = H − 1 2 I. As is known in quantum mechanics, H 0 is a positive and self-adjoint operator whose eigenvalues are an increasing sequence of non-negative real numbers, equidistant 0 = λ 0 < λ 1 < λ 2 < ...
As the self-adjoint Hamiltonian operator, we know that H 0 generates the contraction semigroup
P t which turns out to be an operator self-adjoint and positive definite operator
M f preserves positive if f ≥ 0. Therefore any finite product of operators P t and M f (f ≥ 0) is an operator that preserves positivity.
As the ground state vector of In this paper we assume the existence of a continuous version of the family (q t ) t∈Ê . We denote by (Ω, F , P ) the probability space which is defined (q t ) t∈Ê , and for brevity,
We can think of Ω as the space of continuous paths, i.e., Ω is the set
Now, we state the following theorem, which is fundamental in what follows and whose proof can be seen in [2] .
Moreover P is the unique probability measure satisfying the property (2) .
The formula (2) gives a relation between classical probability and quantum probability; i.e., there are two expected value concepts involved in this formula. The left side is the expected value of a random variable defined on the probability space (Ω, F , P ) and the right side is the expected value of a random variable on a quantum probability space.
On the right side of (2) has the value expected self-adjoint operator
) with respect to state η defined by
the expected value in the fundamental state, "vacuum expectation". In the latter case (B(L 2 (R)), η) also is an algebraic probability space, in fact quantum probability space.
We can define the traslation as the action of R on Ω given to each a ∈ R by
The reflection of Ω in Ω given for each ω ∈ Ω by rω(t) = ω(−t); the which reverses the direction of time. Also r is a homeomorphism of Ω which satisfies
We can relate the reflection and translation with the probability P by the following proposition, which can show very easily.
Proposition 2.3. P is invariant under translations τ s ω(t) = ω(t + s) and under the reflection rω(t) = ω(−t).

The Oscillator Algebra and its Connection with the Feynman-Kac Formula
We will consider the operator H = H 0 +M V , where V is a continuous function,
One of the fundamental problems in quantum mechanics is to determine when H is self-adjoint. this problem you can try "indirect way" building a contraction semigroup (Q t ) t≥0 in L 2 (R) whose infinitesimal generator is −H or some self-adjoint extension of it.
With reference to the proposition (2.3), we can define two unitary operators
(U t ) t∈R is a strongly continuous group of unitary operators in L 2 (Ω) and we have the anti-commutation relation
1. It is easy to see that σ is linear.
Therefore σ is a * -homomorphism and thus * -representation of algebra C 0 (R) on the Hilbert space L 2 (Ω).
Let A be the weakly closed algebra of operators on L 2 (Ω) generated by
A is a non-commutative algebra of operators and this is self-adjoint on L 2 (Ω).
A closed subspace M of L 2 (Ω) is said to is semi-invariant under the algebra A (Ver [9] ) if the projection Q on M satisfies QABQ = QAQBQ for every A, B ∈ A.
Proposition 3.2. The linear transformation
M f Ω 0 −→ σ(f ) · 1, f ∈ C 0 (R).
It extends (in a unique way) to an isometry
for every n ≥ 1 and for each s i ∈ R, s i ≥ 0 and f i ∈ C 0 (R).
Proof. By the definition of measure P , we have for every f ∈ C 0 (R), that
Here | · |, ., . and · , ., . denote the norms and inner products in
Therefore, the transformation studied beforeW ofM in 
we have using theorem (2.2) and the proposition (2.3),
And the result is obtained by the density of
As a direct consequence of equation (3), in the proposition (3.2) we have that if A and B are operators in the algebra A of the form
where 
Proof. As B[0, t] is the algebra * -weak closed, generated by the functions 
and put in B(L 2 (Ω)) the weak topology:
Therefore F −→ M F is continuous. Now we can assume that F is cylindrical and in this case
The general case is obtained by the density of B[0, t] and by the continuity of
We will now proceed with the construction of the semigroup of contractions {Q t } t≥0 , which will have to −H as its infinitesimal generator and moreover
For each t ≥ 0 we define the functional C t : Ω −→ (0, ∞) by
The family {C t } t≥0 has the following properties cocycle:
Proposition 3.5. The conditions (i) and (ii) above are sufficient for the family
A t = M Ct U t be a semigroup contractions in L 2 (Ω).
Proposition 3.6. The family
Proof. Let ω ∈ Ω and t ≥ 0 fixed. Since V is continuous, we have that
Then if u n is continuous on R defined by
If each u n belongs to C 0 (R) the result follows from lemma (3.4) because for every t ≥ 0, C t ∈ B[0, t] since every bounded sequence converging almost everywhere is convergent in the * -weak topology of L ∞ (Ω). In the general case, every u n is can be approximated uniformly on compact of R by a sequence in C 0 (R).
Let E be the projection W W * , as {M Ct U t : t ≥ 0} is a semigroup in A and
It follows that the family of operators
is a strongly continuous of contractions semigroup.
Proposition 3.7. Q * t = Q t for each t ≥ 0. Proof. To prove this, we use the reflection operator in time R. We assert that RW = W . By the definition of W , it suffices to prove that R leaves fixed each function F in L 2 (Ω) of the form F (ω) = f (ω(0)), where f ∈ C 0 (R). But
. Now, we can write
the last equality follows from the commutation property RU −t = U t R.We can compute simple way that RM Ct R is multiplication by the function
whereD is the functioñ
From this it follows that
as desired to show.
Therefore {Q t } t≥0 is a strongly continuous semigroup and so has infinitesimal generator −H, which will be an extension of −(H 0 + V ). Namely,
The equation (4) is a reformulation of the formula of Feynman-Kac in terms of operator algebras [1] , [2] .
A Generalized Version of Feynman-Kac Formula
In this section we will give a generalization of theorem (2.2) and then give a generalized version of the Feynman-Kac formula.
in B(L 2 (R), η). Then we can write the Feynman-Kac formula for f i , (i = 1, 2, . . . , n) as
where
, ∀g ∈ G with G the Lie group (which is usually a discrete subgroup (amenable group or susceptible group) of the SL(2, C)) and B is an H-invariant linear subspace with the p-metric. In particuliar and for the determination of the Neumann dimension is necessary to consider p = 2, see [8] . Then, the integral formula above is the transform of dimensions the classic probabilistic space to the quantum probabilistic space whose representation space has a space of roots Φ α [5] . The space B 0 is a subset of B, whose orbits are the simple roots [5] . In mathematics, a susceptible group is a locally compact topological group of G, taking a kind of averaging of the operation of the bounded functions which is invariant under translation by elements of the group [8] .
Proof. Let H = H 0 + V where H 0 = −Δ Ê 2 , here Δ is the differential operator deduced from the Euler-Lagrange equation [7] mω(t) = −ΔV (ω(t)), taking m = 1 2 , being that
and considering the proposition (3.2) and theorem (2.2) together with the proposition (2.3), we have
for every ω ∈ Ω and ∀f ∈ L 2 (R). Given the nature of V , the operator H 0 + V is self-adjoint on C 0 (R). By the Trotter product formula, the first member of equation (7) converges to e −tH f (ω) in L 2 (R), then there exists a subsequence {m j } of m such that the left converges to e −tH f almost everywhere and since V is continuous, taking limit of Riemann-type sum
and as the paths are continuous (almost everywhere) por la densidad de C 0 (R) en L 2 (R), we have in the integrand of [4] , where
. Then by Proposition (3.7) and on L 2 (Ω), we have (9) we have that the first member of (7) for this extension using (9) takes the form:
Joining the first member of (7) with the last expression of (10) 
which provides that the operator Q t is a multivariable generalization of OrnsteinUhlenbeck process in the algebra B(L 2 (R), η).
Proof. By the proposition (3.7), the operator Q t is the composition of the organized transformations
, with correspondence rule −Δ + V . Then through operators of the algebra B(L 2 (R)), the automorphismŨ t , takes the form
, the functional C : Ω → (0, ∞) and R is the operator such that RU t = U −t R. Indeed, by hypothesisŨ t = exp{αΔ} = Id + αΔ and considering that the operator H 0 = αΔ, then H = αΔ + V , since by proposition (3.7), −H so given, is an extension of −(H 0 + V ), then, for every 
where, by the results obtained in [3] : 
and considering dŨ( W * U s j σ(f j )W, η ) = f 1 (ω)dP 1 (ω) · · · f n (ω)dP n (ω), the desired result follows.
